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Abstract 
 sets. Hence the necessity to analyse 
. and to 
extract the results from such an analysis. This may prove also helpful in distinguishing the modal colours which Messiaen 
himself operated with when producing his opuses, more often than not inapproachable even to those with an expertise in the 
musical art who too superficially ascribed them an artificial character or accused them of transvestite serialism. 
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1. Introductory remarks 
at the end of the seventeenth century the octave has been made up of 12 semitones. Number 12 has four dividers: 2, 
3, 4 and 6. Dividing the octave may lead to the occurrence of more symmetrical intervals. These intervals build 
translation symmetry by transposing the respective interval every time on a different scale. The first three Messiaen 
modes, based on 2, 3, and 4 dividers, divide the octave in 6 major seconds, 4 minor thirds and 3 major thirds. The 
next four modes are based on the 6 division, therefore the octave is divided into two tritones.  
The tones, semitones or intervals bigger than those completing the interval of the tritone in the last four modes 
have various dispositions. Although a greater diversity of arrangements could have been possible, Messiaen chooses 
only four. An overview of the structure of his modes and of the symmetries characterising them is to be found in the 
next table: 
Table 1
M1 2 2 2 2 2 2 
M2 1 2 1 2 1 2 1 2 
M3 2 1 1 2 1 1 2 1 1 
M4 1 1 3 1 1 1 3 1 
M5 1 4 1 1 4 1 
M6 2 2 1 1 2 2 1 1 
M7 1 1 1 2 1 1 1 1 2 1 
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Studying Table 1, one can notice that we may treat each mode as a set of elements whose cardinals vary 
between 6, 8, 9 and 10, according to the table below: 
Table 2 
 
 
 
 
 
 
 
  
 
 
 
construction, as well as the symmetries 
within them, determines this limited series of cardinals. While some modes seem like defective scales (see M4 or 
M5), others tend to exhaust the chromatic whole (see M3 or M7). There is a difference between an array of sounds 
and an array of intervals notionally fixed through mode and structure. Anatol Vieru in Modes Book defines modal 
structure as a set of intervals associated to the canonical structure of a mode. The structure of the mode will have a 
12. The same author draws attention to the risk of mistaking the mode for its structure, both of them having identical 
ways of representation describing distinct realities. The following table details the correlation of the two notions:  
 
Table 3 
 
 Mode elements Modal structure 
M1 0, 2, 4, 6, 8, 10 2, 2, 2, 2, 2, 2 
M2 0, 1, 3, 4, 6, 7, 9, 10 1, 2, 1, 2, 1, 2, 1, 2 
M3 0, 2, 3, 4, 6, 7, 8, 10, 11 2, 1, 1, 2, 1, 1, 2, 1, 1 
M4 0, 1, 2, 5, 6, 7, 8, 11 1, 1, 3, 1, 1, 1, 3, 1 
M5 0, 1, 5, 6, 7, 11 1, 4, 1, 1, 4, 1 
M6 0, 2, 4, 5, 6, 8, 10, 11 2, 2, 1, 1, 2, 2, 1, 1 
M7 0, 1, 2, 3, 5, 6, 7, 8, 9, 11 1, 1, 1, 2, 1, 1, 1, 1, 2, 1 
 
In the table above we notice that M1 and M5 are palindrome modes, i.e. they display the same structure whether 
they ascend or descend when played.   
 
2. Analysis 
The absolute ear tends to locate sounds only, without the interval relations between them. This way, it will treat 
them as sets made up of a variable number of elements. We will further apply the operations used in sets, such as 
intersection, union and difference, also discussing the cases of inclusion and complementariness. We shall not mark 
the result of these operations by stating the notes making up the mode, but by means of a number which is the 
cardinal of the newly acquired set.  
2.1. Modes intersections 
By mode intersection we understand those sounds which are common to both modes. The result of such an 
operation can be found in the table below: 
Modes No. transposition Cardinal 
M1 2 
6 
M5 6 
M2 3 
8 M4 6 
M6 6 
M3 4 9 
M7 6 10 
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Table 4 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
2.2. The interpretation of results 
The modes intersection generates submodes whose cardinal is smaller or equal to the cardinal of the smallest of 
the intersecting modes. Modes intersection helps in locating the modes which are not included in the others.  The 
modes inclusion is important because it allows us to determine whether a mode belongs to more modes, thus 
from their intersection, it means that the respective mode is contained in the other. It is the case for M1, included in 
M3 and M6 and for M5, included in both M4 and M7. Here is the case in which M4 is on its turn included in M7. 
This case can be described by the inclusion of M5 in M4 and that of M4 in M7. The three modes bring the ascending 
array of the cardinals 6, 8, 10, in which M4 and M7 result from the progressive addition of semitones in the lower 
part of each interval. This way, M5 becomes a submode for M4, while M4 becomes a submode for M7. Eventually, 
both M5 and M4 are M7 submodes.   
What is worth noticing is that intersecting all the modes leads to a cardinal equal to 2. The augmented fourth or 
interval on various modal scales confers it absolute priority.  Almost all Messiaen modes allow the construction of 
the augmented fourth (enharmonic diminished fifth) on any scale. Except for M3, all the other modes allow the 
construction of this interval starting from every scale.  
We have to make a few observations here. A small number of elements common with the cardinals of the two 
modes will make it easier for the ear to analyse each mode. On the contrary, the more this number increases, the 
higher the risk to mistake them, up to the situation described above, in which a mode is included in another. Thus, 
with the aforementioned inclusions. We are talking about the two cardinal 6 modes, M1 and M5 and the cardinal 8 
mode, i.e. M4. The merging degree can be described as a new sub-unitary ratio, between the cardinal of the subset 
resulted from the intersection of the modes and the cardinal of the intersected mode:  
 
Table 5 
 
4/6 and 4/8 
6/6 and 6/9 
4/6 and 4/8 
2/6 and 2/6 
6/6 and 6/8 
4/6 and 4/10 
6/8 and 6/9 
4/8 and 4/8 
4/8 and 4/6 
4/8 and 4/8 
6/8 and 6/10 
6/9 and 6/8 
4/9 and 4/6 
7/9 and 7/8 
7/9 and 7/10 
6/8 and 6/6 
6/8 and 6/8 
8/8 and 8/10 
4/6 and 4/8 
6/6 and 6/10 
6/8 and 6/10 
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The closer the result is to unity, the higher the merging degree gets. This case is described by the following array, 
containing ascending sub-unitary values: 
0.33     0.40     0.44     0.50     0.60     0.66     0.70     0.75     0.77     0.80     0.875     1.00 
The extremities of this array express the extremities of the merging degree of those modes where there is the 
intersection with the least elements and the inclusion case. Moreover, since there are no null-set cases, 
complementariness relations between modes are not available.  
2.3. Modes union 
Union is an operation signalling the wholeness of the elements compounding the two modes, without their 
occurring more than once when there are cases of common elements. The result is to be found in the following table, 
by simply determining the new set cardinal:  
Table 6 
 
M1UM2=10 
M1UM3=9 
M1UM4=10 
M1UM5=10 
M1UM6=8 
M1UM7=12 
M2UM3=11 
M2UM4=12 
M2UM5=10 
M2UM6=12 
M2UM7=12 
M3UM4=11 
M3UM5=11 
M3UM6=10 
M3UM7=12 
M4UM5=8 
M4UM6=10 
M4UM7=10 
M5UM6=10 
M5UM7=10 
M6UM7=12 
 
2.4. Results interpretation 
The modes union determines the occurrence of some modes made up of common and non-common elements of the 
two united modes, without repeating any of them. The cardinal of such a mode is bigger or equal to the biggest cardinal 
of the two united modes. The modes union helps locating the cases in which the chromatic wholeness is attained. 
Bimodality may determine already that the chromatic wholeness is attained in 6 cases out of 21, the rest of the cases 
being far from generating such complexities. This is the very reason why Messiaen rarely uses polimodality. From 
modes intersections and unions, according to the results in the tables, there is no complementary mode situation. This 
might have happened when the same intersected modes would have generated a null set, while the reunited ones would 
have reached the chromatic wholeness, which is refuted by the confrontation of the two tables.  
2.5. Modes differences 
Modes difference is defined by a new mode made up of elements to be found in the former mode, but not in the 
latter. Here are the results:  
 
Table 7 
 
M1-M2=2 
M1-  
M1-M4=2 
M1-M5=4 
M1-  
M1-M7=2 
M2-M3=2 
M2-M4=4 
M2-M5=4 
M2-M6=4 
M2-M7=2 
M3-M4=3 
M3-M5=5 
M3-M6=2 
M3-M7=2 
M4-M5=2 
M4-M6=2 
M4-  
M5-M6=2 
M5-  
M6-M7=2 
 
If for the first two operations, intersection and union, the modes order was not important, in the case of difference 
we obtain different results, in accordance with the role of the two modes. By switching the terms of a difference, we 
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get new results. On condition that the intersection and the union are commutative, the operation of the difference 
does not hold this feature, which is noticeable in the table below: 
Table 8 
 
M2-M1=4 
M3-M1=3 
M4-M1=4 
M5-M1=4 
M6-M1=2 
M7-M1=6 
M3-M2=3 
M4-M2=4 
M5-M2=2 
M6-M2=4 
M7-M2=4 
M4-M3=2 
M5-M3=2 
M6-M3=1 
M7-M3=3 
M5-  
M6-M4=2 
M7-M4=2 
M6-M5=4 
M7-M5=4 
M7-M6=4 
2.6. Results interpretation 
The cases in which a null set is generated should reveal the modes included in the ones subtracted, cases already 
discussed when their intersections were operated on them.  
 
3. Conclusions 
It is clear already that between the operations discussed, one can trace a relation that unifies them all. Thus, the 
union of two modes is equal to the sum of their intersection and the two differences. Mathematically, this may be 
expressed as such: 
U{A-B}U{B-A} 
which is verifiable in all the cases above. Here is only one example bringing forth the performing of all the 
operations for M1 and M2: 
2. 10=4+2+4 
What conclusions can be drawn from such a result? That M1 and M2 are not complementary modes and that two 
more elements would have been necessary for the chromatic wholeness to be reached. That the merging degree of M1 
is higher than that of M2 (4/6 > 4/8  i.e., 0,66 > 0,50), which is the reason why, in cases of bimodality, M1 is easier to 
integrate in the general context than M2. This is why M2 will be easier to distinguish as distinct modal colour when 
compared to M1, and this why M2 will be easier to locate in a bimodal context generated by the two modes.  
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